Open Coloring Axiomについて(数学基礎論およびその応用) by 渕野, 昌
Title Open Coloring Axiomについて(数学基礎論およびその応用)
Author(s)渕野, 昌








Freie $\mathrm{U}\mathrm{n}\mathrm{i}_{\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{s}}\mathrm{i}\mathrm{t}\ddot{\mathrm{a}}\mathrm{t}$ Berlin (Saka\’e Fuchino)
$\mathrm{Z}\mathrm{F}\mathrm{C}+\mathrm{M}\mathrm{A}+\urcorner \mathrm{C}\mathrm{H}$ , ZFC
. , , ZFC
$+\mathrm{M}\mathrm{A}+\neg \mathrm{C}\mathrm{H}$ (ZFC ) ,
, “ ZFC $+\mathrm{M}\mathrm{A}+\neg \mathrm{C}\mathrm{H}$
”
. , , ,
. , ,
$\aleph_{1}$ regular cardinal .
MA , , Proper Forcing Axiom (PFA)
, $2^{\aleph_{0}}=\aleph_{2}$ , $\aleph_{1}$-dense sets
, MA (
, [3] ). , MA ZFC
, PFA ,
, PFA MA
. - , PFA ,
consistency strength ,
ZFC consistency strength , PFA
.




930 1995 28-41 28
Kombinatorische Mengenlehre ( )
.
1 OCA
$X\subseteq$ 1R , $[X]^{2}=\{(x, y) : x, y\in x, x<y\}$ 1
(OCA): $X\subseteq \mathrm{R}$ , $[X]^{2}=Ic_{0}\cup K1$ $I\mathrm{f}_{0}$ ($[X]^{2}\subseteq \mathrm{R}^{2}$
) .
1 :
$\mathit{0})$ $Y\subseteq X$ $[Y]^{2}\subseteq I\mathrm{f}_{0}$ ;
1) $Y_{n}\subseteq X_{f}(n\in\omega)$ , $X= \bigcup_{n\in\omega}Y_{n}$ , $[Y_{n}]^{2}\subseteq I\mathrm{f}_{1}$
$n\in\omega$ .
$\mathrm{O}\mathrm{C}\mathrm{A}+\mathrm{M}\mathrm{A}$ ZFC ([4]). OCA
, $K_{0}$ :
1.1 $[1\mathrm{R}]^{2}=I\mathrm{f}_{0}\cup K_{1}$ , , $Y\subseteq \mathrm{R}$ $[Y]^{2}\subseteq K_{0}$
$[Y]^{2}\subseteq K_{1}$ .
$\prec$ $\mathrm{R}$ well-ordering . $I\mathrm{f}_{0}=\{(a, b)\in[\mathrm{R}]^{2} : a\prec b\}$
, $K_{1}=[\mathrm{R}]^{2}\backslash I\mathrm{f}_{0}$ . $Y\subseteq \mathrm{R}$ . $(y_{\alpha})_{\alpha<\omega_{1}}$ $\prec$
$Y$ . [Y] $2\subseteq I\mathrm{f}_{0}$ ( $[Y]^{2}\subseteq K_{1}$ ),
, $(y_{\alpha})_{\alpha<\omega_{1}}$ $\mathrm{R}$ $\leq$ order-type $\omega_{1}$
( ) . , $\mathrm{R}$
. $\square$ ( 1.1)
OCA , OCA
. $X$ , $\langle X\rangle^{2}=\{(a, b) : a, b\in X, a\neq b\}$
1 , $[X]^{2}$ , $\{Y : Y\subseteq X, |Y|=2\}$ , $[X]^{2}\subseteq]\mathrm{R}^{2}$
.
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$b)$ $X\underline{\subseteq}\mathrm{R}$ , $\langle X\rangle^{2}=I\mathrm{f}0\cup K1$ , $R_{0}^{r}$ , ( $\langle X\rangle^{2}\subseteq \mathrm{R}^{2}$
) .
:
$\mathit{0})$ $Y\subseteq X$ $\langle Y\rangle^{2}\subseteq K_{0}$ ;
1) $Y_{n}\subseteq X,$ $(n\in\omega)\text{ _{})}$ $X= \bigcup_{n\in\omega}Y_{n}\text{ }$ , $\langle Y_{n}\rangle^{2}\subseteq K_{1}$
$n\in\omega$ .
. $\square$ ( 1.2)
OCA $[X]^{2}$ $\mathrm{R}$
, $\mathrm{R}$ , , 12, $b$ )
, . $X$
$\langle X\rangle^{2}=K0\cup K_{1}$ , $\langle Y\rangle^{2}\subseteq K_{1}$ ( , $\langle Y\rangle^{2}\subseteq K_{1}$ )
, $Y\underline{\subseteq}X$ ( $\langle X\rangle^{2}=I\zeta 0\cup K1$ ) O-homogeneous
( l-homogeneous) , .
$\mathcal{X}$ , $\mathrm{O}\mathrm{C}\mathrm{A}(\mathcal{X})$ :
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$(\mathrm{o}\mathrm{c}\mathrm{A}(\mathcal{X}))$ : $X\subseteq \mathcal{X}$ $\langle X\rangle^{2}=K_{0}\cup\cdot I\mathrm{f}_{1}$ ,




$0$ -homogeneous $\mathrm{Y}\subseteq X$ ;
1)1-homogeneous $Y_{n}\subseteq X,$ $(n\in\omega)$ , $X= \bigcup_{n\in\omega}Y_{n}$
.
:
1.3 $\mathcal{X}$ $\mathcal{Y}$ . : $\mathrm{e}_{0_{\mathrm{P}}}-\mathrm{o}\mathrm{c}\mathrm{a}$
$\mathit{1})$
$\mathcal{X}$ $\mathcal{Y}$ ) $\mathrm{O}\mathrm{C}\mathrm{A}(\chi)$ $\mathrm{O}\mathrm{C}\mathrm{A}(y)$
,
2) $\mathcal{Y}$ $\mathcal{X}$ , $\mathrm{O}\mathrm{C}\mathrm{A}(\mathcal{X})$ $\mathrm{O}\mathrm{C}\mathrm{A}(y)$ .
3) $\mathcal{Y}$ $\mathcal{X}$ $\mathcal{X}\backslash \mathcal{Y}$ , $\mathrm{O}\mathrm{C}\mathrm{A}(\mathcal{X})$
$\mathrm{O}\mathrm{C}\mathrm{A}(\mathcal{Y})$ .
. $\square$ ( 1.3)




$n\geq 1$ $\mathrm{O}\mathrm{C}\mathrm{A}(\mathrm{R}^{n})$ ;
$n\geq 1$ $\mathrm{O}\mathrm{C}\mathrm{A}((^{\omega}\omega)^{n})$ ;
$n\geq 1$ $\mathrm{O}\mathrm{C}\mathrm{A}((^{\omega}2)^{n})$ . $\square$
$P=(P, \leq)$ , $p,$ $q\in P$ , $p\leq q$ $q\leq p$
, ( $\leq$ ) comparable ,
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imcomparable . $X\subseteq P$ , $x,$ $y\in X$ ( $\leq$
) comparable , chain . $X\subseteq P$ ,
$x,$ $y\in X$ ( $\leq$ ) incomparable , anti-chain .
, $’\rho(\omega)$ $(P(\omega), \subseteq)$ .
1.5 (OCA) $X\subseteq P(\omega)$ ) chain $K\subseteq$ chain-anti
$X$ , anti-chain $A\subseteq X$ .
$X\subseteq P(\omega)$ . $x\in P(\omega)$ , $\chi_{x}$ : $\omega.arrow 2$ $x$
. $X’=\{\chi_{x} : x\in X\}$ , $X’$ $\omega_{2}$
. $\langle X’\rangle^{2}=Ic_{0^{\cup I}}\mathrm{f}_{1}$ , ,
$I\mathrm{f}_{0}=$ { $(\chi_{x},$ $\chi_{y})$ : $x,$ $y\in X,$ $x$ $y$ $(\subseteq$ ) incomparable}
. $K_{0}$ ( $\langle X’\rangle^{2}\subseteq(^{\omega}2)^{2}$ )
: $(\chi_{x}, \chi_{y})\in I\mathrm{t}_{0}^{7}$ , $n\in\omega$ $x\cap n$ $y\cap n$ , ( $\subseteq$ )
incomparable . :
$(\chi_{x},\chi_{y})\in[\chi_{x}(X]\cross[\chi_{y\mathrm{r}}y]\subseteq K_{0}$
. OCA ( 1.4) ,
$\mathit{0})$ $0$-homogeneous $Y\subseteq X’$ , ,
1) l-homogeneous $\subseteq X’,$ $n\in\omega$ , $X’= \bigcup_{n\in\omega}$
.
$\mathit{0})$ , $\{x\in X : \chi_{x}\in Y\}$ anti-chain
. – 1) , $n\in\omega$ $Y_{n}$
, , $\{x\in X : \chi_{x}\in Y_{n}\}$ chain
. $\square$ ( 1.5)
1.6 1.5 , :
$Y\subseteq \mathrm{R}kf$ : $Yarrow \mathrm{R}$ , $Y’\subseteq Y$ $f\mathrm{r}Y’$
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.$\mathbb{Q}=Q\mathrm{o}\cup Q_{1}$ , $Q\mathrm{o}$ $Q_{1}$ $\mathrm{R}$ dense
2. $y\in Y$ ,
$x_{y}=$ { $(q0,$ $q_{1})\in Q_{0}\cross Q_{1}$ : $q_{0}\leq y$ $q_{1}\leq f(y)$ }
, $X=\{x_{y} : y\in Y\}$ . $X\subseteq P(Q_{0}\cross Q_{1})$ . $y,$ $y’\in Y$
, $x_{y}$ $x_{y’}$ comparable , $f\mathrm{r}\{y, y’\}$
, $x_{y}$ $x_{y’}$ incomparable , $f[\{y, y’\}$
. $X’\subseteq X$ $X’$
$\subseteq$ chain anti-chain , $Y’=\{y\in$
$\mathrm{Y}$ : $x_{y}\in X’$ } $f[Y’$
. $\square$ ( 1.6)
2 $\neg \mathrm{C}\mathrm{H}$ OCA
OCA . $f,$ $g\in\omega\omega$ ch12
, $f\leq^{*}g$ $|\{n\in\omega : f(n)>g(n)\}|<\aleph_{0}$ . , $f=g*$
$|\{n\in\omega : f(n)\neq g(n)\}|<\aleph_{0}$ . Bounding number $\mathrm{b}$ ,
$\mathrm{b}=\min\{|X|$ : $X\subseteq\omega\omega,$ $f\leq^{*}g$ $f\in X$
$g\in^{\omega}\omega$ }
. $\aleph_{0}<\mathrm{b}=\mathrm{c}\mathrm{f}\mathrm{b}\leq 2^{\aleph_{0}}$ .
$X\subseteq\omega\omega$ , , $X$ $\omega\omega$ unbounded
. $\mathrm{b}$ :
2.1 $\kappa=\mathrm{b}$ . , $\omega\omega$ $(f_{\alpha})_{\alpha<\kappa}$ , 112.2
$\mathit{0})$ $\alpha<\kappa$ $f_{\alpha}$ ;
2 , $Qo=$ { $r\in \mathbb{Q}$ : $r$ 10 , 1 } .
33
1) $f_{\alpha}\leq^{*}f_{\beta}$ $f_{\alpha}\neq^{*}f_{\beta}$ $\alpha<\beta<\kappa$ ;
2) $\{f_{\alpha} : \alpha<\kappa\}$ $\omega\omega$ unbounded. $\square$
2.2 $\kappa$ $(f_{\alpha})_{\alpha<\kappa}$ $\omega\omega$ 2.1 $\mathit{0}$), $\mathit{1}$ ), $112.3$
2) . , $I\subseteq[\kappa]^{\kappa}$ $\alpha,$ $\beta\in I,$ $\alpha<\beta$
, $f_{\alpha}\leq f_{\beta}$ .
$(\xi_{\alpha})_{\alpha<\kappa}$ $I$ , $(f_{\xi_{\alpha}})_{\alpha<\text{ }}\not\in)$ , $\mathit{0}$), $\mathit{1}$ ), $\mathit{2}$)
, $I=\kappa$ .
$S=$ { $S\in^{\omega>}\omega$ : $\alpha<\kappa$ $s\subseteq f_{\alpha}$ }
. $s\in S$ , $\alpha_{s}=\min\{\alpha<\kappa : s\subseteq f_{\alpha}\}$ . $\beta_{0=}\sup\{cX_{s}$ :
$s\in S\}$ . $\mathrm{c}\mathrm{f}(\kappa)\geq \mathrm{b}$ , $S$ $\beta 0<\kappa$
. $f_{\alpha_{s}}$ \leq *f\beta $s\in S$ .
$\varphi$ : $\kappa\backslash \beta_{0}arrow\omega \text{ }\alpha\in\kappa\backslash \beta_{0}$ , $f_{\beta_{\text{ }}}[(\omega\backslash \varphi(\alpha))\leq f_{\alpha}\mathrm{r}(\omega\backslash \varphi(\alpha))$
. , $n_{0}\in\omega$ $x_{0}\subseteq\kappa$ , $x_{0}$ $\kappa$ cofinal
, $\varphi[X_{0}]=\{n_{0}\}$ . $\{f_{\alpha} : \alpha\in X_{0}\}$ $\omega\omega$
unbounded . $x_{0}$ D , $s_{0}\in n_{0}\omega$
$s_{0}\subseteq$ \alpha $\in x_{\mathit{0}}$
.
Claim 2.2.1 $\alpha<\kappa$ $m\in\omega$ , $\beta\in x_{0}$ $\alpha\leq\beta$ $\mathrm{c}12.3.1$
$f_{\beta}(n)\geq m$ $n\in\omega$ .
$\vdash$ , $n\in\omega$ , $\alpha_{n}<\kappa$
$m_{n}\in\omega$ $\forall\beta\in x_{0}(\alpha_{n}\leq\betaarrow f_{\beta}(n)|<m_{n})$ .
$\gamma=\sup_{n\in\omega}\alpha_{n}$ , $\gamma<\kappa$ , $f\in^{\omega}\omega$ $n\in\omega$ $f(n)=m_{n}$
. , $\alpha<X_{0},$ $\gamma\leq\alpha$ , $f_{\alpha}\leq f$




$\forall\alpha<\kappa\forall m\in\omega\exists\beta\in x0(\alpha\leq\beta\wedge f_{\alpha}(n1)\geq m)$
. $n_{0}\leq n_{1}$ . $n_{1}$
$s\in^{n_{1}}\omega$ $\beta_{1}<\kappa$ $\beta 0\leq\beta_{1}$ , $f_{\alpha}\mathrm{r}n_{0}\leq s$ $\beta_{1}\leq\alpha$
$\alpha\in X_{0}$ . $S’=\{t\in n_{1}\omega : t\leq s\}$
, $s_{1}\in S’$ $X_{1}\subseteq X_{0}$ , $s_{1}\subseteq$ $\alpha\in X_{1}$
, $\{f_{\alpha}(n_{1}) : \alpha\in X_{1}\}$ $\omega$ unbounded
.
$n_{2}\in\omega$ $n_{1}\leq n_{2}$ $f_{\alpha_{s_{1}}}\mathrm{r}(\omega\backslash n_{2})\leq f_{\beta_{0\mathrm{r}(}}\omega\backslash n_{2})$ .
, $\alpha^{*}\in X_{1}$ $f_{\alpha^{*}}(n_{1})\geq f\alpha_{s_{1}}(n_{2})$ , $f_{\alpha_{s_{1}}}\leq f_{\alpha^{*}}$
: $n\in\omega$ , $n<n_{1}$ , $f_{\alpha_{s_{1}}}(n)=s_{1}(n)=f_{\alpha^{*}}(n)$ ;
$n\in n_{2}\backslash n_{1}$ , $f_{\alpha_{s\text{ }}}(n)\leq f_{\alpha_{s_{1}}}(n_{2})\leq f_{\alpha^{*}}(n_{1})\leq f_{\alpha^{*}}(n)$ . ,
$n\in\omega\backslash n_{2}$ , , $f_{\alpha_{s_{1}}}(n)\leq f_{\beta_{\text{ }}}(n)\leq f_{\alpha^{*}}(n)$ . $\square$ (7
22)
2.3 (OCA) $\mathrm{b}\geq\aleph_{2}$ .
, $\omega\omega$ $(f_{\alpha})_{\alpha<\omega_{1}}$ , 2.1 $\mathit{0}$), $\mathit{1}$ ), $\mathit{2}$)
. $\alpha<\omega_{1}$ $x_{\alpha}=\{(n, m)\in\omega\cross\omega : f_{\alpha}(n)\leq m\}$
. $X=\{x_{\alpha} : \alpha<\omega_{1}\}$ , $X$ , $\underline{\subseteq}$ , chain
anti-chain , 1.5 .
$I\subseteq\omega_{1}$ , $\alpha,$ $\beta\in I,$ $\alpha<\beta$ $x_{\alpha}\mathbb{Z}x_{\beta}$
: , $(x_{\alpha})_{\alpha\in I}$ $\subseteq$
, $\omega\cross\omega$ , .
, $\{x_{\alpha} : \alpha\in I\}$ chain . - , 22 , $\alpha,$ $\beta\in I$ ,
$\alpha<\beta$ $\leq f_{\beta}$ . , $x_{\alpha}\supseteq x_{\beta}$ ,




( 3.5). , OCA , $(\kappa, \lambda)$
, $(\kappa, \lambda)$ -gapS ( 3.3) . ,
$(f_{\alpha},g_{\beta})\alpha<\kappa,\beta<\lambda$ (unfilled) gap ( (unfilled) $(\kappa,$ $\lambda)- \mathrm{g}\mathrm{a}\mathrm{p}$ ) :
$a)$ $(f_{\alpha})_{\alpha<\kappa}$ $\omega\omega$ $\leq*$ ;
$b)$ $(g_{\beta})_{\beta<\lambda}$ $\omega\omega$ $\leq*$ ;
$c)$ $f_{\alpha}\leq^{*}g_{\beta}$ $\alpha<\kappa,$ $\beta\cdot<\lambda$ ;
$d)$ $h\in\omega\omega$ $\leq*h\leq*g_{\beta}$ $\alpha<\kappa,$ $\beta<\lambda$
.
$f_{0},\ldots,$ $f_{k-1}\in\omega\omega$ , $\Gamma(f_{0}, \ldots, f_{k-}1)$ ,
$f_{i}\leq^{*}f_{j}\Leftrightarrow f_{i}((\omega\backslash m)\leq f_{j}[(\omega\backslash m)$
$i,$ $j<k$ $m\in\omega$ .
3.1 $\kappa<\mathrm{b}$ $(\kappa, \omega)$ -gaP . no-kappa-
$\kappa<\mathrm{b}$ $(\kappa, \omega)- \mathrm{g}\mathrm{a}\mathrm{p}(f_{\alpha}, g_{k})_{\alpha<\kappa},k<\omega$
. $(g_{k})_{k<\omega}$ $\leq$ .
$\alpha<\kappa$ $h_{\alpha}\in^{\omega}\omega$ ,
$h_{\alpha}(k)=\mathrm{r}(f\alpha’ g_{\mathit{0},\ldots \mathit{9}},k)$




$0$ , $n<h(0)\text{ }$ ;
$g_{k}(n)(= \min\{gl(n) : l\leq k\}),$ $h(k)\leq n<h(k+1)$
$\iota$
36
. , $f_{\alpha}\leq^{*}g\leq^{*}g_{k}$ \alpha $<\kappa,$ $k<\omega$
, , $(f\alpha’ g_{k})\alpha<\kappa,k<\omega$ gaP .
$g\leq^{*}g_{k}$ : $n\in h(l+1)\backslash h(l)$ $k\leq l$ , $g$
$g(n)=g_{l}(n)\leq g_{k}(n)$ . , { $n\in\omega$ : $g(n)>$
$g_{k}(n)\}\subseteq h(k)$ .
$f_{\alpha}\leq^{*}g$ : $m\in\omega$ $h_{\alpha}((\omega\backslash m)\leq h((\omega\backslash m)$ .
$g$ , $k\geq m$ $n\in h(k+1)\backslash h(k)$
$f_{\alpha}(n)=f_{\alpha}\mathrm{r}(\omega\backslash h(k))(n)\leq g_{k}[(\omega\backslash h(k))(n)$
$=g_{k}[(h(k+1)\backslash h(k))(n)=g(n)$
. $\square$ ( 3.1)
3.2 $\kappa<\mathrm{b}$ , $\omega<\mathrm{c}\mathrm{f}(\kappa)$ $f$ $\lambda$ $\mathrm{c}\mathrm{f}(\lambda)\geq\omega_{1}$ $\mathrm{b}_{i}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{p}\mathrm{h}- 2$
$(\kappa, \lambda)$ -gaP .
, $(f_{\alpha})_{\alpha<\kappa}$ : $f_{0}\in\omega\omega$
. $f_{\xi},$ $\xi<\alpha$ , $f_{\alpha}\in\omega\omega$ $f_{\xi}\leq*f_{\alpha}$
$f_{\xi}\neq*$ $\xi<\alpha$ ( $\alpha<\kappa<\mathrm{b}$
, ). , $(g_{\beta})_{\beta<(2^{\aleph}}0)+$
: $\alpha<\kappa$ , $f_{\alpha}\leq^{*}go$ ( $\kappa<\mathrm{b}$
, ) . $g_{\xi},$ $\xi<\beta$ , $g\in^{\omega}\omega$
$f_{\alpha}\leq^{*}g\leq^{*}g_{\xi},$ $g\neq^{*}f_{\alpha}$ $g\neq^{*}g_{\xi}$ $\alpha<\kappa$ $\xi<\beta$
, $-$ $g_{\beta}$ ,
, $g_{\beta}=\emptyset$ .
$\lambda=\min\{\alpha<(2^{\mathrm{N}0})^{+} : g_{\alpha}=\emptyset\}$ , $(f_{\alpha}, g_{\beta})_{\alpha<\kappa},\beta<\lambda$
gaP . 3.1 , $\mathrm{c}\mathrm{f}(\lambda)\geq\omega_{1}$ . $\square$ ( 32)
3.3 (OCA) $\kappa,$ $\lambda$ $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{2}$ $\mathrm{c}\mathrm{f}(\lambda)\geq\omega_{1}$ no-omgga-
$(\kappa, \lambda)$ -gaP .
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$(g_{\alpha}, f\beta)_{\alpha<}\kappa,\beta<\lambda$ $(\kappa, \lambda)$-gap , $\mathrm{c}\mathrm{f}(\kappa)\geq\omega_{2},$ $\mathrm{c}\mathrm{f}(\lambda)\geq\omega_{1}$
, OCA . -
, $\kappa$ $\lambda$ . $\alpha<\kappa$ , $n_{\alpha}\in\omega$
, $\{\beta<\lambda : \Gamma(f_{\alpha}, g_{\beta})=n_{\alpha}\}$ $\lambda$ cofinal .
$n^{*}<\omega$ , $\{\alpha<\kappa : n_{\alpha}=n^{*}\}$ $\kappa$ cofinal .
, $\{\alpha<\kappa : n_{\alpha}=n^{*}\}=\kappa$ .
$\alpha<\kappa$ $B_{\alpha}=\{\beta<\lambda : \Gamma(f_{\alpha}, g_{\beta})=n^{*}\}$ .
$X=\{(f_{\alpha},g_{\beta}) : \alpha<\kappa, \beta\in B_{\alpha}\}$
, $\langle X\rangle^{2}=I\zeta 0\cup K1$ ,
$I \mathrm{f}_{\mathit{0}=}\{((f,g), (f’,g)’)\in\langle X\rangle^{2} : \max\{\Gamma(f,g’),\mathrm{r}(f’,g)\}>n^{*}\}$
. $IC_{0}$ .
Claim 3.3.1 $I\mathrm{t}_{0}^{r}$ $\langle X\rangle^{2}$ .




$O$ $(^{\omega}\omega)^{2}\cross(^{\omega}\omega)^{2}$ , $((f, g),$ $(f’, g’))\in O\cap\langle X\rangle^{2}\subseteq$
$K_{0}$ . $\dashv$ (Claim 3.3.1)
$\mathrm{O}\mathrm{C}\mathrm{A}((^{\omega}\omega)^{2})$ $\mathit{0}$) 1) ,
.
, $Y\subseteq X$ , $\langle Y\rangle^{2}\subseteq I\zeta_{0}$
.
Claim 3.3.2 $(f, g),$ $(f’,g’)\in Y$ $f\neq f’$ $g\neq g’$ $\mathrm{c}- 13- \mathrm{s}_{-}2$
.
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$f,$ $f’,$ $g,$ $g’$ , $(f,g),$ $(f’, g)\in Y,$ $f\neq f’$ $g=g’$
. , $\Gamma(f, g’)=\Gamma(f,g)=n^{*}$ , ,
$\Gamma(f’, g)=\Gamma(f’, g)’=n^{*}$ . $\langle Y\rangle^{2}\subseteq I\mathrm{f}_{0}$ .
$\dashv$ (Claim 332)
Claim 3.3.3 $\kappa$ $(\alpha_{\xi})\xi<\omega 1$ $\lambda$ $(\beta_{\xi})_{\xi\omega_{1}}<$
$\text{ _{}f}$ \xi $<\omega_{1}$ , $(f_{\alpha_{\xi}}, g\beta_{\xi})\in Y$ ,
$\vdash I=$ { $\alpha<\kappa$ : $(f_{\alpha’ g_{\beta}})\in Y$ $\beta<\lambda$ } . Claim
3.3.2 , \mbox{\boldmath $\varphi$} : $Iarrow\lambda;,$ $\alpha-\succ\min\{\beta<\lambda : (f_{\alpha}, g_{\beta})\in Y\}$
. $I$ , $I’\subseteq I$ $\mathrm{o}\mathrm{t}_{\mathrm{P}}(I’)=\omega 1$ , $\varphi|I’$
. $(\alpha_{\xi})_{\xi<\omega_{1}}$ $I’$ , $(\alpha_{\xi})_{\xi<\omega_{1}}$
$(\varphi(\alpha_{\xi}))_{\xi}<\omega 1$ , . $\dashv$ (Claim 3.3.3)
$(\alpha_{\xi})_{\xi<\omega}1l;(\beta_{\xi})_{\xi<\omega_{1}}$ Claim 3.3.3 . $\alpha^{*}=\sup\{\alpha_{\xi}$ : $\xi<$
$\omega_{1}\}$ . $\kappa=\mathrm{c}\mathrm{f}\kappa>\omega_{1}$ , $\alpha^{*}<\kappa$ . $n^{**}\in\omega$
$n^{*}\leq n^{**}$ , $I_{0}\subseteq\omega_{1}$ , ,
$(*)$ $\xi\in I_{0}$ , $\mathrm{r}(f_{\alpha_{\xi}}, f\alpha^{*)}’\Gamma(f\alpha^{*,g_{\alpha}}\xi)\leq n^{**}$
. $n^{**}\omega$ , $I_{1}\subseteq I_{0}f;s\in^{n^{**}}\omega$
,
$(**)$ $\xi\in I_{1}$ , $f_{\alpha_{\zeta}}[n**=s$
. $\langle Y\rangle^{2}\subseteq I\mathrm{f}\mathit{0}$ , , :
Claim 3.3.4 $\xi,$ $\eta\in I_{1}$ , $\Gamma(f_{\alpha_{\xi\eta}},g_{\beta})\leq n^{*}$ .
$\vdash n\in\omega\backslash n^{**}$ , $(*)$ , $f_{\alpha_{\xi}}(n)\leq f_{\alpha^{*}}(n)\leq g_{\beta_{\eta}}(n)$ .
, $(**)$ $\beta_{\eta}\in B_{\alpha_{\eta}}$ , $n\in n^{**}\backslash n^{*}$ , $f_{\alpha_{\xi}}(n)=s(n)=$
$f_{\alpha_{\eta}}(n)\leq g_{\beta_{\eta}}(n)$ . $\dashv$ (Claim 3.3.4)
$Y_{n}\subseteq X,$ $(n<\omega)$ , $X= \bigcup_{n<\omega}Y_{n}$ , $\langle Y_{n}\rangle^{2}\subseteq K_{1}$
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$n<\omega$ . $n<\omega$ ,
$I_{n}=$ { $\alpha<\kappa$ : $\beta<\lambda$ $(f_{\alpha},$ $g_{\beta})\in Y_{n}$ },
$J_{n}=$ { $\beta<\lambda$ : $\alpha<\omega_{1}$ $(f_{\alpha},$ $g_{\beta})\in Y_{n}$ }
.
Claim 3.3.5 $n_{0}\in\omega$ , $I_{n_{\text{ }} }\kappa$ cofinal , $J_{n_{\text{ }}}$ $\lambda$ cofinal
.
$\vdash$ , $n<\omega$ , $\alpha_{n}<\kappa$ $\beta_{n}<\lambda$
, $Y_{n}\subseteq(\alpha_{n}\cross\lambda)\cup(\kappa\cross\beta_{n})$ . $\alpha^{*}=\sup_{n<\omega}\alpha_{n}$ ,
$\beta^{*}=\sup_{n}<\omega\beta_{n}$ . , $\alpha^{*}<\kappa$ , $\beta^{*}<\lambda$ . $B_{\alpha^{*}}$ $\lambda$
cofinal , $\beta^{+}\in B_{\alpha}*$ , $\beta^{*}\leq\beta^{+}$ .
, $(f_{\alpha^{*}},g_{\beta}+)\in x$ . , $\bigcup_{n<\omega}(\alpha_{n}\cross\lambda)\cup(\kappa\cross\beta_{n})\ovalbox{\tt\small REJECT}(\alpha^{*},\beta^{+})$
, $(f_{\alpha^{*}},g_{\beta}+) \not\in\bigcup_{n<\omega}Y_{n}$ , . $\dashv$ (Claim 3.3.5)
$n_{0}$ Claim 3.3.5 . $(f, g)(f’,g’)$ 0
, $\langle Y_{n}\rangle^{2}\text{ }\subseteq K_{1}$ , $f[(\omega\backslash n^{*})\leq g^{\prime \mathrm{r}}(\omega\backslash n^{*})$ .
$h\in^{\omega}\omega$ ,
$h(n)=\{$
$0$ , $n<n^{*}$ .
$\max${ $f(n)$ : $g$ , $(f,$ $g)\in Y_{n_{0}}$ },
. , $(f, g)\in \text{ _{ }}$ , $f\leq*$
$h\leq*g$ . $I_{n_{\text{ }}}$ $\kappa$ cofinal, Jn $\lambda$ cofinal ,
$f_{\alpha}\leq^{*}h\leq*g_{\beta}$ \alpha $<\kappa$ $\beta<\lambda$ . ,
$(f_{\alpha}, g_{\beta})\alpha<\text{ },\beta<\lambda$ gaP . $\square$ ( 3.3)
3.4 (OCA) $\mathrm{b}=\aleph_{2}$ . $\mathrm{b}=\mathrm{a}\mathrm{l}\mathrm{p}\mathrm{e}\mathrm{h}- 2$
23, 32, 3.3 . $\square$ ( 3.4)
3.5 $(\mathrm{M}\mathrm{A}+\mathrm{O}\mathrm{C}\mathrm{A})2^{\aleph_{\text{ }}}=\aleph_{2}$ . continuu
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MA $\mathrm{b}=2^{\mathrm{N}_{\text{ }}}$ , 34 ,
. $\square$ ( 3.5)
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